Universal dynamics of a soliton after an interaction quench by Franchini, Fabio et al.
MIT-CTP/4575
Universal dynamics of a soliton after an interaction quench
Fabio Franchini,1, 2, 3, ∗ Andrey Gromov,4, † Manas Kulkarni,5, ‡ and Andrea Trombettoni6, 2, §
1INFN, Sezione di Firenze, Via G. Sansone 1, 50019 Sesto Fiorentino (FI), Italy
2SISSA and I.N.F.N, Sezione di Trieste, Via Bonomea 265, 34136, Trieste, Italy
3Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
4Department of Physics and Astronomy, Stony Brook University, Stony Brook, NY 11794, USA
5Department of Physics, New York City College of Technology,
The City University of New York, Brooklyn, NY 11201, USA
6CNR-IOM DEMOCRITOS Simulation Center, Via Bonomea 265, I-34136 Trieste, Italy
(Dated: March 10, 2016)
We propose a new type of experimentally feasible quantum quench protocol in which a quantum
system is prepared in a coherent, localized excited state of a Hamiltonian. During the evolution of
this solitonic excitation, the microscopic interaction is suddenly changed. We study the dynamics
of solitons after this interaction quench for a wide class of systems using a hydrodynamic approach.
We find that the post-quench dynamics is universal at short times, i.e. it does not depend on
the microscopic details of the physical system. Numerical support for these results is presented
using generalized non-linear Schro¨dinger equation, relevant for the implementation of the proposed
protocol with ultracold bosons, as well as for the integrable Calogero model in harmonic potential.
Finally, it is shown that the effects of integrability breaking by a parabolic potential and by a
power-law non-linearity do not change the universality of the short-time dynamics.
PACS numbers: 03.75.Kk, 03.75.Lm, 05.45.Yv, 67.85.-d, 05.70.Ln, 02.30.Ik
Recent years have witnessed a rising interest in non-
equilibrium dynamics, which has been largely motivated
by extraordinary progresses in the manipulation of many-
body quantum systems [1–12]. This interplay between
experimental and theoretical research is allowing the
investigation of longstanding questions, such as under
which conditions systems driven out of equilibrium can
show universal behaviors and whether and how a system
reaches equilibrium and possibly thermalizes [13–23], in
particular in cold atom systems [24–28].
A particularly interesting protocol used to identify
paradigms of out-of-equilibrium dynamics is provided by
the quantum quenches, in which, typically, a system de-
scribed by a Hamiltonian H is prepared in its ground
state and then, at a given moment of time, let evolved
using a different Hamiltonian H ′ [29]. Although a uni-
tary evolution cannot relax the system to a true equilib-
rium, mounting evidences support a picture for which, in
most cases, the expectation value of most local operators
tending to a stationary value in the long time limit can be
calculated through an effective density matrix describing
the system [15–17, 30–36]: that is, an arbitrary out-of-
equilibrium many-body state in general evolves toward
a state that effectively cannot be distinguished from a
mixed state.
In this work, inspired by these progresses and moti-
vated by experimental considerations, we propose a new
protocol based on a quench of the interaction on an inho-
mogeneous initial state localized in space: this protocol
has the merit of showing universal dynamics already at
short times after the quench, while to date most of the
studies on universal effects in quantum quenches focus
on long times. We focus in particular on one-dimensional
(1d) systems, where localized solitonic states are present
and stable in a variety of models, even though we ex-
pect that our results are valid in any dimension provided
that localized excitations exists and are stable and that
the hydrodynamic description of the dynamics is valid.
Specifically, we propose to prepare a 1d system in a par-
ticular localized, coherent excited state, one that in the
hydrodynamic limit can be characterized as a soliton,
that is, an excitation whose density and velocity profiles
evolve in time without (almost) changing their shapes.
At some moment during its evolution, a control parame-
ter of the microscopic Hamiltonian is changed suddenly:
this modification of the interaction strength reflects it-
self, for instance, in the change of the scattering length
and of the speed of sound and can be triggered experi-
mentally in ultracold atom setups through the trapping
or with an external magnetic field [1]. After this quench,
the system is let evolved according to the new Hamil-
tonian. We find that, immediately after the quench, the
initial profile splits into two “bumps” (over the back-
ground density): one moving in the same direction as
the initial excitation, the other in the opposite. We pre-
dict the velocities and shape of these chiral profiles for
short time after the quench and we find them to be ex-
pressible in a universal way. These findings for a global
quench on a localized excitation have to be contrasted
with the usual quantum quench protocol discussed ear-
lier, in which universality typically emerges at very large
times.
The hydrodynamic description: To study the effect of
an interaction quench on a localized excitation, one needs
to prepare the quantum system in an excited state that
would propagate for a certain time without dispersing (or
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2dissipating). From a hydrodynamic point of view, such
configuration is called a soliton. However, to date, the
construction of a quantum state with the degree of cor-
relation necessary to evolve like a soliton has been chal-
lenging. In fact, different attempts to superimpose ex-
cited states to generate stable localized excitations have
generated unstable configurations which in time lose co-
herence and fall apart [37, 38]. This failure of theoretical
attempts indicates that some clever insight is needed to
generate a quantum state that propagates without chang-
ing its macroscopic properties, while such configurations
are easily produced in the laboratories as a results of cer-
tain non-equilibrium dynamics. Thus, for the moment we
abstain from discussing the quantum nature of a solitonic
excitation and we proceed from the empirical observation
that such excitations are commonly observed in experi-
ments and can nowadays be manipulated with remark-
able precision [39–41]. From a mathematical point of
view, solitons (and in particular multi-soliton solutions)
are a characteristic feature of integrable differential equa-
tions [42]. Nonetheless, solitonic waves are commonly ob-
served in nature, both in classical physics [43], as well as
a collective behavior of a quantum many-body systems
[39], proving that, in certain regimes, one can neglect all
other contributions and describe the system accurately
by an integrable equation, thus justifying the existence
of very long-lived excitations.
We will focus on systems whose quantum dynamics can
be described by a hydrodynamic approach: this approach
is successfully used for a wide class of systems [44] includ-
ing in particular trapped ultracold atoms [45]. The hy-
drodynamics of a quantum system may be derived, for in-
stance, from an effective single-particle mean-field equa-
tion, provided a functional energy is guessed or derived
(this point of view is typical of density functional theory
approaches [46]): a major example is given by weakly in-
teracting Bose gases where the Non-Linear Schro¨dinger
equation (NLSE) provides equilibrium [47] and dynami-
cal [48] properties of the corresponding quantum system.
For quantum systems for (and the regimes in) which
the hydrodynamic approach is valid, one can write as
usual [44] the continuity and Euler equations for the den-
sity and velocity fields
ρ˙+ ∂(ρv) = 0; v˙ + ∂A = 0 (1)
A ≡ v
2
2
+ ω(ρ)−A′(ρ)(∂√ρ)2 −A(ρ)∂
2√ρ√
ρ
, (2)
where ω(ρ) is the specific enthalpy and A(ρ) is related
to the quantum pressure: both A and ω are model-
dependent.
Linearization of the hydrodynamic equation around a
constant background leads to sound waves (the Bogo-
lioubov modes). As derived in [49, 50], in 1d for configu-
rations with small, smooth perturbations over the back-
ground ρ0 it is possible to retain the leading non-linear
and dispersive terms, which, under the condition of lo-
cality of the interactions, have the universal form of the
KdV equation:
u˙± ∓ ∂x
[
cu± +
ζ
2
u2± − α∂2xu±
]
= 0 , (3)
where c ≡ √ρ0ω′0 is the sound velocity (ω′0 ≡ ∂ρω|ρ0)
and the nonlinear and dispersive coefficients are given by
ζ ≡ c
ρ0
+
∂c
∂ρ0
, α ≡ A(ρ0)
4c
. (4)
Here, a formal (small) expansion parameter  was intro-
duced, so that the fields could be expanded around the
static background as
ρ(x, t) = ρ0 +  ρ
(1)(x, t) + 2 ρ(2)(x, t) + . . . , (5)
v(x, t) =  v(1)(x, t) + 2 v(2)(x, t) + . . . . (6)
The first order terms evolve according to the KdV:
u± = ρ(1) =
c
ω′0
v(1) . (7)
Since KdV is a chiral equation, the ± refers to the two
chiral components of the fields. We neglected the inter-
action between the left and right moving sectors, since
locality implies that this effect is relevant only when the
two are overlapping, but this happens for short times, as
they pass through each other with a relative velocity of
approximately 2c [50].
The interaction quench: Let us denote with g some
microscopical parameter capturing the strength of the in-
teraction in the quantum Hamiltonian. Suddenly, during
the evolution of the soliton, we change the interparticle
coupling to g′, which reflects itself in the change of the
effective parameters ω and A in (1, 2) and hence of c, ζ,
and α in (3). We denote with a prime all the post-quench
parameters, calculated using g′. As a consequence of this
global quantum quench, the initial profile is not anymore
a soliton of the new system and hence will not be stable
under the new evolution.
The profile experiences the quench as an external per-
turbation, to which it reacts by splitting into a transmit-
ted and reflected component, exactly as it would hap-
pen to a linear wave, if the sound velocity was suddenly
changed. A typical non-linear quench dynamics of this
type for the dark soliton of the NLSE is shown in Fig.
1: one profile moves forward in the same direction as
the initial soliton (the transmitted one), while the other
moves in the opposite direction (the reflected one).
Hence, we make the ansatz that immediately after the
quench we have
u(x, t) = ur(x− Vrt) + ut(x− Vtt) , (8)
assuming that for short times after the quench the two
chiral profiles evolve without changing their shapes sig-
nificantly. If the initial soliton has V > 0, the reflected
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FIG. 1. Plot of the NLSE density |ψ(x, t)|2 for different times
t = 0, 0.05, 0.1, · · · , 2, with c′/c = 40 and initial velocity
V = 0.96c (~ = m = ρo = 1, where ρo is the x → ±∞
density). The interaction is suddenly changed at tQ = 0.1.
Inset: plot of the density for the Calogero model at times
t = 0,∆t, 2∆t, · · · , 15∆t with ∆t = 0.157 and c′/c = 10
(moreover, N = 301, c = 0.23, V = 1.002c, tQ = 0). In both
cases the first and last densities are evidenced by a thick line
and only the central regions of the x-axis have been showed.
velocity Vr < 0 and the transmitted one is Vt > 0. Im-
posing continuity of the solution and the conservation of
momentum at t = 0 constraint the post-quench configu-
ration to be
u(x, t) = R s(x− Vrt) + T s(x− Vtt) , (9)
that is, we find that the two chiral profiles maintain the
same functional shape as the original soliton, but with
their heights reduced by the reflection and transmission
coefficients, which are found to be
R(V, Vr, Vt) =
Vt − V
Vt − Vr , T (V, Vr, Vt) =
V − Vr
Vt − Vr . (10)
We remark that, so far, we only applied kinematic con-
siderations (we made no use of the KdV), which alone
are not sufficient to determine the velocities Vr,t.
In the corresponding linear problem, all waves would
move at the speed of sound, that is V = c and Vt =
−Vr = c′. Hence, sound waves would be scattered by an
interaction quench with
Rlinear =
1
2
[
1− c
c′
]
, Tlinear =
1
2
[
1 +
c
c′
]
. (11)
Naturally, for a small quench (c′ ' c) the reflected wave
has vanishing amplitude, while for large quenches (c′ 
c) both waves are comparable.
The non-linear terms in (3) make the different profiles
move at different velocities. The stability of the initial
soliton is given by a balancing of opposite effects, com-
ing from the non-linear and dispersive terms in (3). It
can be shown that the average velocity of the solitonic
solution is that of its barycenter, where the dispersion
is perfectly balanced and V is determined only by the
non-linear contribution. Using this observation, we can
estimate the velocities of the two chiral profiles to be [51]
Vr = − [c− η R (c− V )] c
′
c
, (12)
Vt = [c− η T (c− V )] c
′
c
, (13)
where we introduced the universal parameter
η ≡ c
c′
ζ ′
ζ
=
1 + ρ0c′
∂c′
∂ρ0
1 + ρ0c
∂c
∂ρ0
, (14)
and where the T and R are found consistently to be
R =
1
2
[
1− c
c′
V
η V + (1− η) c
]
, (15)
T =
1
2
[
1 +
c
c′
V
η V + (1− η) c
]
. (16)
We note that these expressions are completely univer-
sal and depend on the microscopics of the system only
through the parameter η, which in turn depends on A and
ω (η ' 1 for the 1d NLSE). In particular, everything can
be made dimensionless by measuring velocities in unit
of the sound velocity (for instance, before the quench).
Experimentally, the velocities and heights of the two pro-
files can be measured and checked against our predictions
through a time-of-flight experiment, once η is measured
using (14).
If we assume that ω(ρ) in (2) is a simple monomial of
the density (ω(ρ) ∝ ρκ−1), then η = 1 and the formulae
simplify to
R =
1
2
[
1− c
c′
]
, T =
1
2
[
1 +
c
c′
]
, (17)
Vr = − (T c+R V ) c
′
c
, Vt = (R c+ T V )
c′
c
. (18)
We note that these reflection and transmission coeffi-
cients are the same as of the linear process (11), although
accompanied by non trivial velocities for the profiles.
1d ultracold bosons: Localized excitations are easy to
prepare in a cold atom experiments: using a phase mask
it is possible to create long-lived excitations that can
travel through the system without significantly changing
their shape. The initial momentum can be given by suit-
ably varying the trap potential, as it has been done to in-
duce and study the dynamics of dark solitons in ultracold
bosonic [40] or fermionic [41] condensates. Moreover, the
interaction between bosons can be varied by changing the
scattering length [45]: our interaction quench can be ac-
complished by a rapid change of the magnetic field, easily
feasible in present-day experiments. Moreover, the split-
ting of the solitons can be straightforwardly detected by
interference patterns measurements.
4We write the 1d NLSE in the generalized form
i~∂tψ =
{
− ~
2
2m
∂xx + f(ρ)
}
ψ , (19)
where ρ(x, t) = |ψ(x, t)|2. The choice f(ρ) = gρ corre-
sponds to the usual NLSE describing bosons with contact
interaction in the weakly interacting limit. The general-
ized NLSE (GNLSE) reduces to (1,2) with the ansatz
ψ =
√
ρei
m
~
∫ x v(x′)dx′ , with ω(ρ) = f(ρ)m and A = ~22m2
(of course ω(ρ) = gρm for the usual NLSE). Several 1d
classical mean-field equations have been proposed and
used to reproduce the quantum dynamics of the 1d Bose
gas for not so small interactions [52–55] and agreement
between NLSE results, dynamics of the quantum model
and experimental findings is found, and expected to be
more robust at short times, that is, the regime we are
considering. In particular short times have to be con-
sidered the ones much smaller than ~/∆E, where ∆E is
the energy difference between the expectation values of
the Hamiltonian post- and pre-quench, even though nu-
merical simulations show that the results are stable also
for longer times.
The validity of the hydrodynamic approach for the 1d
Bose gas has been shown in [55, 56], while the hydrody-
namic equations (1,2) have been derived for 1d ultracold
systems in [49]. We observe that in our approach the
NLSE and the GNLSE are treated on equal footing since
the analytical results of the GNLSE (19) are obtained
using the correct ω(ρ) in the hydrodynamic equations.
Therefore, without loss of generality, in the following
we present our results for the dark soliton of the NLSE
[50] subjected to the interaction quench. In Figs. 2–3
we plot the results of our numerical simulations vs. the
analytical predictions discussed so far, finding a remark-
able agreement. As the reflected and transmitted profiles
are created superimposed at the time of the quench, they
need to evolve for a certain time before they can be distin-
guished. In this time, their shapes evolve (and they also
interact with one-another) and this introduces additional
noise in the simulations. Moreover, in this way we mea-
sure the velocity of the peaks of the profile, which could
differ from the center-of-mass velocity due to dispersion,
since these profiles are not solitons [57]. Nonetheless,
a remarkable good agreement is found, which gets bet-
ter for larger interaction quenches, since the dispersion
effects we neglect are expected to become smaller. Fur-
thermore, as expected for darker grey solitons (i.e., for
larger solitons) the agreement becomes worse.
In Fig. 2 we plot the measured ratio between the
heights of the two chiral profiles vs. the ratio R/T from
(17) for different quenches and with different velocities
of the initial soliton, while in Fig. 3 we compare the
measured peak velocities with (18). In all the numeri-
cal points the values are computed at the mid-time be-
tween the instant in which there are 2 bumps and the
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FIG. 2. Height ratio of the chiral profiles vs. c′/c. The black
solid lines is our analytical prediction (17), plotted together
with numerical results: the initial velocity of the grey soliton
is V = 0.96c (black circles), V = 0.9s (green squares). As-
terisks refers to the case with a parabolic potential (ω = 0.01
and V = 0.96c), while triangles refers the the NLSE with a
power-law non-linearity (α = 2.2 and V = 0.96c) - in all cases
tQ = 0.02. Open circles refer to the corresponding data for
the Calogero model and the same parameters of Fig. 1. The
outliers blue diamonds correspond to NLSE with a large ini-
tial soliton (V = 0.5c), where our approximations are suppose
to be less accurate.
one in which a third bump emerges [51]. In addition to
the NLSE, to test the universality of our results, we also
computed the same quantities using a parabolic confine-
ment (i.e., adding V ψ to the NLSE with V = (1/2)ω2x2)
or a power-law NLSE (i.e., having a non-linear term of
the form |ψ|αψ): both are non-integrable deformations
of the NLSE and support the universality of our results
[58].
Calogero model: As a further check on our ansatz
(8), we compare our predictions against a microscopical
evolution. The rationale for such check is that, even if
we know that for a (classical or quantum) system the
hydrodynamic description is valid, our ansatz (8) may
be wrong in presence of general non-local interactions.
For this experiment, we use the classical Calogero model,
given by the Hamiltonian
H =
1
2m
N∑
j=1
p2j +
~2
2m
∑
j 6=k
λ2
(xj − xk)2 +
ω2
2
N∑
j=1
x2j , (20)
with a dimensionless coupling constant λ. This is a clas-
sical model which is integrable even in the presence of
an external parabolic potential. Its hydrodynamic de-
scription is thus not the KdV, but a different integrable
equation, in the family of the Benjamin-Ono (BO) equa-
tion [59]. It differs from the KdV by its dispersive term
and by the fact that its solitons have longer (power-law)
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FIG. 3. Reflected (bottom) and transmitted (top) peak veloc-
ities vs c′/c. Black and red lines and points refer respectively
to initial soliton velocities V = 0.96c and V = 0.9c: lines are
our analytical prediction, while red circles and black squares
refers to NLSE numerical results. For comparison we also plot
±c′/c (dashed lines). Asterisks and triangle refer respectively
to NLSE with a parabolic potential and to the NLSE with a
power-law (same parameters as in Fig. 2). Inset: peak veloc-
ities reflected (top) and transmitted for the Calogero model
(same parameters as of Fig. 1).
tails. Another difference is that this system supports
supersonic bright solitons, instead of the subsonic dark
ones of local models [60]. Nonetheless, it has η = 1 and
we find that the center-of-mass velocities and transmis-
sion/reflection coefficients have the same universal ex-
pression (17,18). In our numerical simulation, we sim-
ulated the Newtonian evolution of N = 301 particles
which initially evolve as a soliton of the pre-quench sys-
tem and we follow their dynamics after the quench [61].
We notice the correct splitting of the density field into
the two chiral profile and we see from Figs. 2–3 that
this microscopic dynamics agrees remarkably well with
our analytical predictions. We stress that, although in
this case the numerical experiment simulates a classical,
Newtonian particle dynamics, it still shows a clear chiral
splitting of the profiles due to the quench.
Conclusions: We have proposed a novel quantum
quench protocol, where we initially prepare the system
in a localized excitation and evolve it after changing
the interaction strength and we studied this interaction
quench of quantum systems using a hydrodynamic
approach. We found that the dynamics immediately
after the quench is universal, i.e. it does not depend on
the details of interaction, but only on the strength of the
quench, measured from macroscopic parameters, such as
the speed of sound, see (12, 13, 15, 16). We checked our
analytical predictions against the numerical simulation
of the 1D NLSE also in presence of a parabolic potential
and with power-law non-linearity) and through the
Newtonian evolution of the Calogero model in harmonic
potential finding a remarkable agreement. We finally
remark that the universal nature of our results implies
that this protocol can also have ubiquitous applications
in quantum optics, nonlinear waveguides and in other
non-linear systems.
Note Added: During the final stages of this work,
we were made aware of a parallel development by O.
Gamayun et al. [63], concerning the long time behav-
ior of the NLSE after the quench protocol we discussed,
where the integrability of the hydrodynamics leads to re-
markable effects. After the submission of our paper on
arXiv, a paper by A. Chiocchetta et al. appeared [64]
discussing the universality of the scaling at short times
of a quantum system after a quench.
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